The dodeca symmetry is designed to obtain the Cabibbo angle θ 
approximately 15
o and the (11) element of VPMNS as cos 30
o , leading to θ
o . This leading order dodeca symmetric VPMNS is corrected by small parameters, especially as an expansion in terms of a small parameter β. Neglecting two Majorana phases, the expression of VPMNS contains four parameters: a small β, and three O(1) parameters A, B, and δ. From the neutrino oscillation data, we present two parametrizations and estimate their β's.
I. INTRODUCTION
Nonzero neutrino masses and oscillation observed in the last two decades have led to a large mixing in the leptonic sector [1] , unlike in the quark sector. The leptonic mixing known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [2] takes a quite different form from that of Cabbibo, Kobayashi and Maskawa(CKM) [3] . The PMNS matrix takes a bi-maximal mixing, whereas the CKM matrix is close to the identity. So, the CKM matrix being close to the identity has the famous Wolfenstein approximate form [4] . In this paper, we investigate two approximate forms of the PMNS matrix, following the method of the quark mixing presented recently in Ref. [5] where the CP violation is directly noticeable from the unitary matrix itself.
The PMNS matrix, being not close to identity, triggered a tremendous theoretical activity to obtain a leading bi-maximal form. Most studies are based on nonAbelian discrete symmetries started with the permutation symmetry S 3 since the late 1970s [6] .
The most recent popular leptonic mixing pattern is the so-called tri-bimaximal mixing, suggested by Harrison, Perkins, and Scott in 2002 [7] , which in addition to the bi-maximal mixing in the (23) and(33) elements the another column for the solar mixing angle is given by θ sol = sin
, with the vanishing (13) element. This pattern can be derived by using various permutation symmetries and their subgroups such as S 4 or A 4 . At the face value, the tri-bimaximal mixing looks like being very close to the current best fit(BF) values [8] . However, the very closeness to the BF values might be a dilemma in that there is not much room for an adjustable parameter if more accurate data produce a significant deviation from the tri-bimaximal pattern. In this sense, since the recently proposed dodeca form [9] , which produces a bimaximal but is not as close to the BF values as the tribimaximal form [8] , has a room to introduce a relatively large correction parameter β.
1 The dodeca pattern is N = 12 case of the dihedral groups D N studied for neutrino masses in [10, 11] . One nice feature of the dodeca pattern is that it gives θ PMNS sol [12] . The fact that the PMNS matrix takes a very different form from the identity implies that we have to parametrize it in a different way from what Wolfenstein did for the CKM matrix, the expansion around the identity. In fact, Qin and Ma tried the expansion of the PMNS matrix around π 4 [13] . Taking the relation θ
into account, they expanded the PMNS matrix in terms of λ, the expansion parameter of the CKM matrix, around the tri-bimaximal mixing point [13, 14] . It is an attractive idea to expand the small parameters around the basic pattern originating from a non-Abelian discrete symmetry. This expansion parameter is better not to be too small as commented above. In this sense, we expand the PMNS matrix around the dodeca pattern.
Since the deviation of (23) and (33) element from bimaximality is almost negligible [15] , i.e. statistically insignificant, we require that the deviation of the atmospheric mixing angle (the ν µ − ν τ mixing) from π 4 is very small. The (13) element is known to be very small, and is zero in the tri-bimaximal and dodeca mixing. On the other hand, from the solar neutrino data, a maximal solar neutrino mixing, i.e. θ 12 = π 4 , is ruled out at more than 6σ [16] , and one has cos 2θ 12 ≥ 0.26 (at 99.73 % C.L.). Therefore, the solar neutrino angle deviation from Most weak CP violating processes of the light leptons, except in the neutrinoless double beta decay [17] , do not depend on two Majorana phases of the PMNS matrix. Therefore, let us focus on the PMNS matrix, neglecting two Majorana phases. Then, the nonzero (13) elements gives a barometer of the CP violation in the leptonic sector as formulated and emphasized in Ref. [5] . Our expansion in terms of β is given in two plausible cases for the (13) element, one proportional to β 2 and the other proportional to β. Since the (31) and (22) elements are of order O(1), the Jarlskog determinant [18] following the method of Ref. [5] should be in the same order as the (13) element, β 2 or β depending our models. Therefore, looking for the deviation of (13) element from zero is an important barometer of the leptonic CP violation, which triggered the worldwide experimental activities to measure the (13) element of V PMNS [19] .
II. MEASUREMENTS OF THE PMNS MATRIX ELEMENTS
Unlike the CKM case, the PMNS matrix elements have not been determined very accurately. To set up the discussion of the next section, we briefly present the determination of the PMNS matrix element [16] . The ChauKeung-Maiani type parametrization is 
where c ij = cos θ ij and s ij = sin θ ij . The four parameters are θ 12 , θ 23 , θ 13 , and the phase δ. To relate directly to the neutrino oscillation experiments, we also use the notation θ atm instead of θ 23 and θ sol instead of θ 12 . The flavor basis |ν α is the superposition of the mass eigenstates |ν j with the coefficients provided by the PMNS matrix elements,
where the subscript α indicates e, µ, τ , and j runs from 1 to 3. It is the convention that take ν 1 as the lightest neutrino. The probability amplitude of observing |ν α ′ after the propagation in spacetime interval (T, L) of |ν α is given by
and the probability
Therefore, the suvival of the electron type neutrino is given by
which is used in the CHOOZ, Daya Bay and RENO experiments. A similar expression can be written for
, used in K2K and MINOS experiments. On the other hand, the appearance is given by
where
) indicates the probability of 2-neutrino transition, ν e → (s atm ν µ + c atm ν τ ), used in MI-NOS experiment. Similar expression for P (ν µ → ν τ ) is used in OPERA.
When the neutrino source has a sizable dimension ∆L and the energy resolution of detector is ∆E, we integrate over the region of neutrino source and energy resolution function. Then, a large phase
2p L in the argument of cos is averaged over and the average probability is given by
Especially, for the case of α = α ′ = e, the averaged probability is
which has been used in the KamLand experiments. The solar neutrino angle θ sol can be determined from the solar neutrino flux observation, for example, in the SNO and the Super-Kamiokande experiments or from the detection ofν e neutrinos emitted from the nuclear power reactors in the KamLand. The atmospheric neutrino angle θ atm measurement can be made by observing the atmospheric neutrino, the product of cosmic ray interaction in the atmosphere, in Super-Kamiokande, or product from accelerator experiment, for example, in the K2K and MINOS experiments. Finally, the deviation from zero of V 13 is determined by observing P (ν e →ν e ) in the CHOOZ experiment, and P (ν µ → ν e ) in the K2K experiment.
The leptonic CP violation is significant for the following asymmetry in the neutrino oscillation [16] ,
Especially,
where 
Reference [15] presented the BF value of sin 2 θ 13 as 0.01 which is at 0.9σ away from θ 13 = 0. At present, there is no decisive evidence for a nonzero θ 13 , but future experiments [19] are expected to give better limits on sin θ 13 . Recently, T2K collaboration reported a large θ 13 [20] . At the 90% confidence limit, they report 0.03(0.04) < sin 2 2θ 13 < 0.28(0.34) for sin 2 2θ 23 = 1.0, |∆m 2 23 | = 2.4×10 −3 eV 2 , δ = 0 and normal(inverted) hierarchy. The BF points are 0.11(0.14).
III. THE PMNS MATRIX WITH (13) ELEMENT OF O(β 2 )
From the discussion of Sec. II, the quite accurate bi-maximality is an established fact. However, the tribimaximality or dodeca symmetry is approximate. We may start from the exact mixing matrix adopted in [5] , 
The deviations from these hypothetical symmetries contain large correction factors denoted as β. Therefore, we satisfy the bi-maximality of ν µ − ν τ mixing up to O(β 2 ). In this section, we assume that the deviation of the (13) element from zero is rather small, i.e. (B/2)β 2 . Then, we can expand V PMNS around the dodeca symmetric point as
The approximate PMNS matrix (15) satisfies the unitarity up to order β 2 . As formulated in Ref. [5] , Eq. (15) has the real determinant, which is required from the SU(2) W Peccei-Quinn symmetry [21] . Namely, we must work in a well-defined lepton basis [5] . Then, each term of the determinant shows whether the CP violation is present or not. In particular, the product of (31), (22) , and (13) elements is the barometer of CP violation [5] . The determinant of Eq. (15) has the following six terms,
We note that each term of Eq. (16) has the same magnitude for the imaginary part,
as noted in Ref. [5] for the CKM matrix. As in the CKM case, the Jarlskog determinant of PMNS matrix can be read directly from the unitarity matrix, Eq. (15). The area of the Jarlskog triangle is of order the small parameter squared (β 2 ) and we can say that the CP violation effect in the lepton sector is larger than that in the quark sector. Note that in the quark sector the area of the Jarlskog triangle is of order the sixth power of the small parameter (λ 6 ) [5] .
Note that if the (13) element vanishes, all the phases in PMNS matrix except two Majorana phases can be removed away. Assuming that PMNS matrix elements are given by their best-fit values, and sin θ 13 ∼ = 0.1, the parameters are given by β = 0.068, B = 39,
When there is no CP violation(δ = 0), A = 33 and with maximal CP violation(δ = π 2 ), A = 0. Since both A and B of order 10 from Eq. (18), it is better to have a parametrization for the (13) element being of order of β. So, let us consider the parametrization
and A ∼ = 2.2 .
IV. THE PMNS MATRIX WITH (13) ELEMENT OF O(β)
Since the (13) element of the PMNS matrix is not measured accurately, we can consider the correction of the (13) element of O(β).
As in Sec. III, we keep the deviation of θ 2 from π/4 at O(β 2 ), and obtain the following parametrization,
Assuming the BF values, β and the relation between A and δ are the same as the results presented in Sec. III. If sin θ 13 = 0.1 is used, we obtain B = 2.65.
Without the CP violation, deviation of θ 2 from π 4 might be of order β. In this case, A ≃ 2.2. Our parametrization of the (13) element being of O(β) is given by
On the other hand, with the traditional Chau-KeungMaiani parametrization, we obtain a parametrization where the mixing of V 23 and V 33 is maximal. kept to O(β), with the (13) element being of order β, is
This might be useful in fitting the current experimental data. As can be seen in Sec. II, the matrix elements experimentally accessible are V 12 , V 13 and V 23 , which can be used to determine θ sol and θ atm . Especially, V 12 and V 23 are given by s 12 c 13 and s 23 c 13 , respectively, in the Chau-Keung-Maiani parametrization. Since cos θ 13 is very close to unity, and insensitive to the deviation of θ 13 from zero as long as θ 13 stays very small, measurements of these values give the almost direct information on θ 12 and θ 23 . Moreover, deviation of θ 23 from 
In particular with our parametrization, In conclusion, we parametrized the PMNS matrix in terms of small parameter β by expanding it around a dodeca symmetry point. Since the (13) element is not measured correctly, we attempt two cases: O(β) and O(β 2 ). The magnitude of (13) element is crucial in understanding the leptonic CP violation.
